A generalised multicomponent system of Camassa-Holm-Novikov equations by Ferraioli, Diego Catalano & Freire, Igor Leite
A generalised multicomponent system of
Camassa-Holm-Novikov equations
Diego Catalano Ferraioli1 and Igor Leite Freire2
Departamento de Matema´tica
Universidade Federal da Bahia, Campus de Ondina
Av. Adhemar de Barros, S/N, Ondina, 40.170− 110
Salvador - Bahia - Brasil
2 Centro de Matema´tica, Computac¸a˜o e Cognic¸a˜o
Universidade Federal do ABC - UFABC
Avenida dos Estados, 5001, Bairro Bangu, 09.210− 580
Santo Andre´, SP - Brasil
E-mail: diego.catalano@ufba.br
E-mail: igor.freire@ufabc.edu.br and igor.leite.freire@gmail.com
Abstract. In this paper we introduce a two-component system, depending on a
parameter b, which generalises the Camassa-Holm (b = 1) and Novikov equations
(b = 2). By investigating its Lie algebra of classical and higher symmetries up to
order 3, we found that for b 6= 2 the system admits a 3-dimensional algebra of
point symmetries and apparently no higher symmetries, whereas for b = 2 it has a
6-dimensional algebra of point symmetries and also higher order symmetries. Also we
provide all conservation laws, with first order characteristics, which are admitted by
the system for b = 1, 2. In addition, for b = 2, we show that the system is a particular
instance of a more general system which admits an sl(3,R)-valued zero-curvature
representation. Finally, we found that the system admits peakon solutions and, in
particular, for b = 2 there exist 1-peakon solutions with non-constant amplitude.
1. Introduction
Since the seminal paper by Camassa and Holm [8], hundreds works have been devoted
to several aspects of nonlocal evolution equations of the Camassa-Holm (CH) type, such
as: integrability, in the sense of the existence of infinite symmetries [13, 23, 33, 34, 35],
existence of bi-hamiltonian formulation and Lax pairs [13, 23, 35, 37], and existence of
(multi-) peakon solutions [13, 23]. Further aspects of these classes of equations have
also been widely investigated from many different points of view, see [16, 17, 18, 21, 29].
Also, some works considering systems with many components of CH type equations
have been of interest, see e.g. [15, 22, 31].
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More recently, equations with parameter-dependent nonlinearities have been
considered, see for instance [3, 10, 11, 19, 20], where families of equations unifying
both Camassa-Holm and Novikov equations [23, 35] are studied.
Motivated by the works [3, 10, 11], in this paper we consider the system
mt + (b+ 1)ux v
b−1m+ ub−1 v mx = 0,
nt + (b+ 1) vx u
b−1 n+ vb−1 unx = 0,
(1)
where u = u(x, t), v = v(x, t), m = u − uxx and n = v − vxx are referred to as the
momenta and b ∈ R.
System (1) is invariant under the change (u, v) 7→ (v, u). In particular, when u = v
the system reduces to
mt + (b+ 1)ux u
b−1m+ ubmx = 0. (2)
Interestingly, equation (2) reduces to CH equation for b = 1, and to Novikov equation
for b = 2. Therefore, one may consider system (1) as a two-component generalisation of
both CH and Novikov equations. Equation (2) is just the equation deduced in [10], by
using symmetry arguments and techniques introduced in [24, 25]. In [11] equation (2)
was also re-obtained by imposing invariance under scalings and the existence of a certain
multiplier (see [1, 2] for further details). Later, in [3] it was proved that (2) admits
peakon and multi-peakon solutions. Other properties of (2) were also investigated by
Himonas and Holliman in the paper [18], by embedding it into a two-parameter family
of equations.
In this paper we shall investigate system (1) from several points of view. In Section
2 we compute symmetries and conservation laws. In particular, we investigate the
existence of higher order, or generalised, symmetries. Then, in Section 3, we show
that (1) can be embedded in a 4-component system admitting an sl(3,R)−valued zero-
curvature representation (ZCR) which generalizes an analog result of paper [32]. In
Section 4 we investigate the existence of peakon and multi-peakon solutions of (1).
Finally, our results are discussed in Section 5.
2. Symmetries and conservation laws of system (1)
In this section we collect the results of the search of classical and higher symmetries of
system (1), as well as of low order conservation laws.
2.1. Classical and higher symmetries
By standard methods of symmetry analysis (see e.g. [4, 5, 6, 27, 36, 39]) one can prove
the following
Theorem 1 When b 6= 2, the Lie algebra of classical symmetries of (1) is 3-dimensional
with generators
X1 =
∂
∂x
, X2 =
∂
∂t
, X3 = bt
∂
∂t
− u ∂
∂u
− v ∂
∂v
. (3)
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On the contrary, for b = 2, Lie algebra of classical symmetries of (1) is 6-dimensional,
with generators X1, X2, X3 (where b = 2), and
X4 = u
∂
∂u
− v ∂
∂v
, Xi = e
2ix(
∂
∂x
+ iu
∂
∂u
+ iv
∂
∂v
), (4)
with i = 5, 6 and 5 = 1, 6 = −1.
Therefore, by computing the flows of classical symmetries admitted by (1) one gets
the following
Corollary 1 Under the flows {Asi} of classical symmetries Xi, i = 1, 2, ..., 6, where the
si’s denote the flow-parameters, solutions {u = u(x, t), v = v(x, t)} of (1) respectively
transform to:
1) {u1 = u(x− s1, t), v1 = v(x− s1, t)};
2) {u2 = u(x, t− s2), v1 = v(x, t− s2)};
3)
{
u3 = e
s3u
(
x, te−bs3
)
, v3 = e
s3v
(
x, te−bs3
)}
;
4) {u4 = e−s4u (x, t) , v4 = e−s4v (x, t)};
5)
{
u5 =
√
1 + 2s5e2xu
(−1
2
ln (2s5 + e
−2x) , t
)
, v5 =
√
1 + 2s5e2xv
(−1
2
ln (2s5 + e
−2x) , t
)}
;
6)
{
u6 =
√
1− 2s6e−2xu
(
1
2
ln (−2s6 + e2x) , t
)
, v6 =
√
1− 2s6e−2xv
(
1
2
ln (−2s6 + e2x) , t
)}
.
The special character suggested by Theorem 1 for the case b = 2 is further confirmed
by the search of higher order (or generalised) symmetries. Indeed, we have not found
any higher order symmetry for b 6= 2, whereas for b = 2 we found the following
Theorem 2 When b = 2 system (1) admits higher order symmetries. Moreover, up to
order 3, higher symmetries in evolutionary form
Y =
∑
|σ|≥0
Dσ(φ)
∂
∂uσ
+
∑
|σ|≥0
Dσ(ψ)
∂
∂vσ
are described by the characteristics (or generating functions) Q = (φ, ψ):
φ =
9∑
i=1
ciφi ψ =
9∑
i=1
ciψi
where Qi = (φi, ψi), for i = 1, ..., 6, are the characteristics of classical symmetries Xi
(see Theorem 1), whereas for i = 7, 8, 9 are given by
φ7 =
(u− uxx)1/3
(v − vxx)2/3
, ψ7 =
(−v + vxx)1/3
(u− uxx)2/3
,
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φ8 = 2
(
vvxx + v
2
x − 32v2
)
u3 + 2u (v2u2x − uxvt)− utt
+4u2
(
1
4
v2uxx − vvxux + 12vxt
)
,
ψ8 = −2
(
u2x + uuxx − 32u2
)
v3 + 2v (−v2xu2 + utvx) + vtt
+4v2
(−1
4
u2vxx + uvxux − 12uxt
)
,
φ9 =
1
2
(
v2uut − v3u2ux
)
uxx +
1
2
(−u2vvx + uv2ux − uvt) utx
+
(
v2u2x
2
− 1
2
(vt + 3uvvx)ux + u
2v2x + u
2vvxx + uvtx − 3
2
v2u2
)
ut
−1
6
u3v3uxxx +
2
3
u3v3ux − 1
6
uttt,
ψ9 =
1
2
(
u2vvt − u3v2vx
)
vxx +
1
2
(−v2uux + vu2vx − vut) vtx ,
+
(
u2v2x
2
− 1
2
(ut + 3vuux) vx + v
2u2x + v
2uuxx + vutx − 3
2
u2v2
)
vt
−1
6
v3u3vxxx +
2
3
v3u3vx − 1
6
vttt.
In particular, the corresponding Lie algebra structure is given by the non trivial Jacobi
brackets
{Q1, Q5} = 2Q5, {Q1, Q6} = −2Q6, {Q2, Q3} = 2Q2,
{Q3, Q8} = −4Q8, {Q3, Q9} = −6Q9, {Q5, Q6} = −4Q1.
Theorem 2 provides important indications about the property of system (1) being
symmetry-integrable when b = 2. Indeed, according to the terminology introduced in
[28] (see also [14]), Theorem 2 proves that system 1 is almost symmetry-integrable of
depth at least 3. On the contrary, our computations up to order 3 did not provide any
higher symmetry of (1) for b 6= 2. Thus, we conjecture that system (1) is symmetry-
integrable only in the case b = 2.
2.2. Conservation laws
We recall that a 1-form Λ = Pdx+Qdt is a local conservation law for (1), provided that
dΛ ≡ 0 on the solutions of (1). Local conservation laws form a real vector space and
we refer the reader to [1, 2, 39] for the general theory and more details on computation
techniques.
In order to find local conservation laws of system (1), one has to satisfy the following
A generalised multicomponent system of Camassa-Holm-Novikov equations 5
Table 1: Low order conservation laws for system (1) with b = 1 and b = 2.
Components of conserved vectors
b ϕ ψ P (density) Q (flux)
1 1 1 u+ v
−v2 + v2x − u2 + u2x + uvxx
−uv + vuxx − vxux + utx + vtx
2 v u uv + uxvx
(vvxx + v
2
x − 2v2)u2+
(vtx + v
2uxx − 2vuxvx)u
+vutx + v
2u2x
2 −vx ux (uxx − u)vx −vxvu
2
x + uxvtx
+(vuxvxx + uxv
2
x − uxxvvx − vt)u
2 −vt ut
((vvxx + v
2
x)uux
+vtxux + 2vxu
2v
+uxxvt
utuv
2
x + 2vtvu
2 − vtvu2x
+(vuxu+ ut)vtx + utuvvxx
+vt(uxvx − uxxv)u+ uxvtt
2 −(vx − v)e2x (ux − u)e2x [(vx − v)(ux + uxx)
+u(−v + vxx)] e2x
{
v(v − vx)u2x +
[
(vxxv + v
2
x − 2v2)u
+(vtx − vt)]ux + v(v − vx)uuxx
−(v2x + vxxv − 2vvx)u2 + ut(vx − v)
}
e2x
2 −(vx + v)e−2x (ux + u)e−2x [(2v − vx)ux − uv−(u− uxx)vx] e−2x
{[
uv2x + (vtx + vvxxu− 2v2u)
]
ux
−(v2 + vvx)u2x + u2v2x
+uv(2u− uxx)vx + (−vutx + uvtx
−uxxv2u+ vvxxu2 + vtu)
}
e−2x
condition
Dt(P )−Dx(Q)− ϕ
[
mt + (b+ 1)ux v
b−1m+ ub−1 v mx
]
−ψ [nt + (b+ 1) vx ub−1 n+ vb−1 unx] = 0,
where (ϕ, ψ) are the characteristics of the corresponding conservation laws.
By performing all needed computations, for cases b = 1 and b = 2 with first order
characteristics, we find the following
Theorem 3 The space of nontrivial conservation laws with first order characteristics
of system (1) is 1-dimensional for b = 1 and 5-dimensional for b = 2, with generators
Λ = Pdx+Qdt given in Table 1.
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3. Embedding of (1) with b = 2 into a new 4-component system admitting
an sl(3,R)−valued ZCR
In this section we will consider the system (1) with b = 2, and rewrite it in the form
Dtm1 +Dx (u1 u2m1) + (−u1 u2x + 2u2u1x)m1 = 0,
Dtm2 +Dx (u1 u2m2) + (−u2 u1x + 2u1u2x)m2 = 0,
(5)
where u1 = u, u2 = v and m1 = m, m2 = n.
In the paper [15] the authors already considered this system and they found that
it admits a zero-curvature representation (ZCR) which depends on a parameter λ,
λ ∈ R\{0}. Their ZCR is not sl(3,R)−valued, nevertheless one can slightly modify their
result and check that (5) also admits the sl(3,R)−valued ZCR DtX−DxT +[X,T ] = 0,
with
X =
 0 λm1 10 0 λm2
1 0 0
 ,
and
T =

1
3λ2
− u2u1x u1xλ − λu1u2m1 u1xu2x
u2
λ
− 2
3λ2
+ u2u1x − u1u2x −λu1u2m2 + −u2xλ
−u2u1 u1λ 13λ2 + u1u2x

.
Moreover, in the paper [32] has also been shown that (5) can be embedded in the
following 4-component Camassa-Holm type hierarchy
Dtm1 +Dx (Γm1)− Γn2 + g1g2n2 + (f2g2 + 2f1g1)m1 = 0,
Dtm2 +Dx (Γm2) + Γn1 − g1g2n1 − (f1g1 + 2f2g2)m2 = 0,
Dtn1 +Dx (Γn1) + Γm2 − f1f2m2 − (f2g2 + 2f1g1)n1 = 0,
Dtn2 +Dx (Γn2)− Γm1 + f1f2m1 + (f1g1 + 2f2g2)n2 = 0,
(6)
where mi = ui−uixx, ni = vi− vixx, i = 1, 2, f1 = u2− v1x, f2 = u1 + v2x, g1 = v2 +u1x,
g2 = v1 − u2x and Γ is an arbitrary differentiable function of ui, vi and their partial
derivatives with respect to x. As shown in [32], system (6) generalises several well
known Camassa-Holm type equations and admits a ZCR too.
Like for [15], also the ZCR originally considered in [32] for the system (6) is not
sl(3,R)-valued. However, one can check that an sl(3,R)−valued ZCR for (6) is provided
by
X =
 0 λm1 1λn1 0 λm2
1 λn2 0
 ,
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T =

1
3λ2
− f1g1 g1λ − λΓm1 −g1g2
−λΓn1 + f1λ − 23λ2 + f1g1 + f2g2 −λΓm2 + g2λ
−f1f2 −λΓn2 + f2λ 13λ2 − f2g2

,
where λ ∈ R \ {0}.
The following result, which follows by direct computations, provides a generalisation
of (6) and hence a further generalisation of (5).
Theorem 4 The four-component system
Dtm1 +Dx (Γm1)− Γn2 + c1 (g1g2n2 + f2g2m1 + 2f1g1m1)
−3c2m1 − c3n2 = 0,
Dtm2 +Dx (Γm2) + Γn1 + c1 (−g1g2n1 − f1g1m2 − 2f2g2m2)
+3c2m2 + c3n1 = 0,
Dtn1 +Dx (Γn1) + Γm2 + c1 (−f1f2m2 − f2g2n1 − 2f1g1n1)
+3c2n1 + c3m2 = 0,
Dtn2 +Dx (Γn2)− Γm1 + c1 (f1f2m1 + f1g1n2 + 2f2g2n2)
−3c2n2 − c3m1 = 0,
(7)
where mi, ni, fi, gi are given by
mi = ui − uixx, ni = vi − vixx, i = 1, 2,
f1 = u2 − v1x, f2 = u1 + v2x, g1 = v2 + u1x, g2 = v1 − u2x,
c1, c2, c3 ∈ R and Γ is an arbitrary differentiable function of ui, vi and their derivatives
with respect to x, admits the zero-curvature representation DtX − DxT + [X,T ] = 0
defined, for any λ ∈ R \ {0}, by
X =
 0 λm1 1λn1 0 λm2
1 λn2 0

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and
T =

c1
(
1
3λ2
− g1f1
)
+ c2 c1
g1
λ
− λm1Γ −c1g1g2 + c3
−λn1Γ + c1 f1λ c1
(− 2
3λ2
+ g1f1 + g2f2
)− 2c2 −λm2Γ + c1 g2λ
c3 − c1f1f2 −λn2Γ + c1 f2λ c1
(
1
3λ2
− g2f2
)
+ c2

.
System (6) is a particular instance of (7), and in general they are not contact
equivalent. In the particular case of (5) this fact readily follows from the following
Theorem 5 By choosing v1 = v2 = 0 and Γ = u1u2, system (7) reduces to the system
Dtm1 +Dx (u1 u2m1) + c1 (−u1 u2x + 2u2u1x)m1 − 3c2m1 = 0,
Dtm2 +Dx (u1 u2m2) + c1 (−u2 u1x + 2u1u2x)m2 + 3c2m2 = 0,
(8)
which is not contact equivalent to (5). In particular, (8) reduces to (5) when c1 = 1, c2 =
0.
Proof: The structure of the Lie algebra of classical symmetries of (8) depends on c1
and c2. Indeed, by a direct computation one gets that the dimension of this Lie algebra
is 4 when c1 6= 1, and 6 when c1 = 1. In particular, when c1 6= 1 the Lie algebra is
described by the characteristics Si = (φi, ψi), with
φ1 = ux, φ2 = ut, φ3 = t (3c2u− ut) , φ4 = u,
and
ψ1 = vx, ψ2 = vt, ψ3 = (−3c2tv − tvt − v) , ψ4 = −v.
In this first case the only non trivial Jacobi bracket is
{S2, S3} = −3c2S4 + S2.
On the contrary, when c1 = 1 the Lie algebra is described by the previous characteristics
Si = (φi, ψi) for i = 1, 2, 3, 4, and by two further characteristics S5 = (φ5, ψ5) and
S6 = (φ6, ψ6) given by
φ5 = e
−2x (u+ ux) , φ6 = e2x (−u+ ux) ,
and
ψ5 = e
−2x (v + vx) , ψ6 = e2x (−v + vx) .
In this second case the only non trivial Jacobi brackets are
{S2, S3} = −3c2S4 + S2, {S1, S5} = 2S5, {S1, S6} = −2S6, {S5, S6} = −4S1.
A generalised multicomponent system of Camassa-Holm-Novikov equations 9
Thus the result follows by the invariance of symmetry algebras under contact
transformations. 
4. Multi-peakons
From now on, we assume that b is a positive integer, and make the a¨nsatz that system
(1) admits a superposition of peakon solutions of the form
u(x, t) =
N∑
i=1
pie
−|x−qi|, v(x, t) =
M∑
i=1
Pie
−|x−Qi|, (9)
whereN andM are arbitrary positive integer numbers and pi, Pi, qi andQi are 2(N+M)
smooth functions of t. We omitted the explicit dependence on t for sake of simplicity.
We shall denote derivative with respect to t as p′i, P
′
i , q
′
i and Q
′
i.
In the distributional sense, see [38] for further details, we have the following results:
ux = −
N∑
i=1
sign (x− qi)pie−|x−qi|, vx = −
M∑
i=1
sign (x−Qi)Pie−|x−Qi|,
uxx = u− 2
N∑
i=1
piδ(x− qi), vxx = v − 2
M∑
i=1
Piδ(x−Qi).
(10)
Thus, one can write the momenta and their derivatives as
m = 2
N∑
i=1
piδ(x− qi), n = 2
M∑
i=1
Piδ(x−Qi), mx = 2
N∑
i=1
piδ
′(x− qi),
nx = 2
M∑
i=1
Piδ
′(x−Qi), mt = 2
N∑
i=1
[p′iδ(x− qi)− piq′iδ′(x− qi)],
nt = 2
N∑
i=1
[P ′iδ(x−Qi(t))− PiQ′iδ′(x−Qi)] .
(11)
Hence, by substituting (9), (10) and (11) into (1), integrating against all pair of
test functions with compact support and making use of the regularisation sign (0) = 0,
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one gets that the functions pi, Pi, qi and Qi evolve according to the system of ODEs
q′k =
(
N∑
m=1
pme
−|qk−qm|
)b−1 M∑
j=1
Pje
−|qk−Qj |, 1 ≤ k ≤ N,
Q′σ =
(
M∑
m=1
Pme
−|Qσ−Qm|
)b−1 N∑
j=1
pje
−|Qσ−qj |, 1 ≤ σ ≤M,
p′k = pk
(b+ 1) N∑
j=1
sign (qk − qj)pje−|qk−qj |
(
M∑
m=1
Pme
−|qk−Qm|
)b−1
−(b− 1)
N∑
j=1
M∑
l=1
sign (qk − qj)pjPle−|qk−qj |−|qk−Ql|
(
N∑
m=1
pme
−|qk−qm|
)b−2
−
M∑
l=1
sign (qk −Ql)Pl e−|qk−Ql|
(
N∑
m=1
pme
−|qk−qm|
)b−1, 1 ≤ k ≤ N,
P ′σ = Pσ
(b+ 1) M∑
j=1
sign (Qσ −Qj)Pje−|Qσ−qj |
(
N∑
m=1
pme
−|Qσ−qm|
)b−1
−(b− 1)
M∑
j=1
N∑
l=1
sign (Qσ −Qj)Pjpl e−|Qσ−Qj |−|Qσ−ql|
(
M∑
m=1
Pme
−|Qσ−Qm|
)b−2
−
N∑
l=1
sign (Qσ − ql)pl e−|Qσ−ql|
(
M∑
m=1
Pm e
−|Qσ−Qm|
)b−1, 1 ≤ σ ≤M.
(12)
Obtaining a solution of the system (12) is in general a difficult task, however in the
particular case when N = M , qj = Qj and pj = Pj, system (12) reduces to
q′k =
(
N∑
j=1
pje
−|qk−qj |
)b
,
p′k = pk
N∑
j=1
sign (qk − qj)pje−|qk−qj |
(
N∑
j=1
pje
−|qk−qj |
)b−1
,
(13)
which is a result analogous to that obtained in [3].
Although system (13) shows the consistency of our results with those previously
known, it also reflects a noteworthy difference between the scalar case considered in [3]
and the two component case of (1). A particularly interesting manifestation of such
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differences is provided by the properties of 1-peakon solutions of system (1) which are
discussed below.
When N = M = 1, after rearranging notations, system (12) reads
q′ = pb−1P e−|q−Q|, Q′ = P b−1p e−|Q−q|,
p′ = −sign (q −Q) e−|q−Q| pbP, P ′ = sign (q −Q) e−|q−Q| P bp.
(14)
Thus, in view of (14), one has the following results.
Theorem 6 Assume that p, P, q and Q are smooth functions satisfying (14), then
(q −Q)′ = pP (pb−2 − P b−2) e−|q−Q| (15)
and
(p± P )′ = −sign (q −Q) e−|q−Q| pP (pb−1 ∓ P b−1). (16)
Proof: It follows from (14) by a direct computation.
Theorem 7 Assume that p, P, q and Q are smooth functions satisfying (14), and
assume that sign (q −Q) 6= 0, then
pP = κ, if b = 2,
1
pb−2
+
1
P b−2
= κ, if b 6= 2,
(17)
where κ is a constant.
Proof: It is enough to observe that p′P b−1 = −pb−1P ′. 
Theorem 8 Assume that p, P, q and Q are smooth functions satisfying (14), with
b ∈ N, b 6= 2 and q = Q, then q = κbt + x0, where κ and x0 are arbitrary constants.
Moreover for any odd b one has p = P = κ, whereas for any even b one has p = ±κ and
P = κ.
Proof: It follows from (15) and the first equation of (14). 
Theorem 8 gives us a complete characterisation of peakons for b ∈ N, b 6= 2 and
q = Q. Indeed, by rearranging notations, if b is odd one has the solutions
u(x, t) = c1/be−|x−ct−x0|, v(x, t) = c1/be−|x−ct−x0|, b = 1, 3, 5, · · · . (18)
On the other hand, if b 6= 2 is even, one has the following solutions
u(x, t) = ±c1/be−|x−ct−x0|, v(x, t) = ±c1/be−|x−ct−x0|, b = 4, 6, 8, · · · . (19)
Notice that in the limit u = v the system inherits the same solutions of (2), however
since u and v in (19) do not need to have the same signal one also has the solutions
(u, v) = ±(c1/be−|x−ct−x0|,−c1/be−|x−ct−x0|).
A more interesting situation occurs when b = 2. Indeed, by Theorem 6 and 7,
one gets pP = k and q = Q + x0, with x0 a constant of integration. Therefore a
straightforward integration of ODEs (14) leads to the following
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Theorem 9 When b = 2 the Cauchy problem for the system (14), with the initial data
p(0) = p0, P (0) = P0, q(0) = q0 and Q(0) = Q0, has the unique solution
q(t) = p0 P0e
−|x0|t+ q0, Q(t) = p0 P0e−|x0|t+Q0,
p(t) = p0e
−t sign (x0)p0 P0e−|x0| , P (t) = P0 et sign (x0)p0 P0e
−|x0| ,
(20)
where x0 := q0 −Q0.
In view of Theorem 9, for each fixed t0 system (1), with b = 2, admits solutions
with shape ∝ e−|x|. Actually, the Cauchy problem
mt + 3ux v m+ u
b−1 v mx = 0,
nt + 3 vx un+ v
b−1 unx = 0,
m = u− uxx, n = v − vxx,
u(x, 0) = p0e
−|x−q0|, v(x, 0) = P0e−|x−Q0|
(21)
admits a pair of 1-peakon solutions (that is, N = M = 1 in (9)) given by
u(x, t) = p0e
−t sign (x0)p0 P0e−|x0| e−|x−p0 P0e
−|x0|t−q0|,
v(x, t) = P0e
t sign (x0)p0 P0e−|x0| e−|x−p0 P0e
−|x0|t−Q0|.
(22)
Let
u0(x, t) := p0 e
−|x−p0 P0 t|,
v0(x, t) := P0 e
−|x−p0 P0 t|.
(23)
A very quick calculation yields
‖u(·, t0)‖Lp(R) = e−p t0 sign (x0)p0 P0e−|x0|‖u0‖Lp(R),
‖v(·, t0)‖Lp(R) = ep t0 sign (x0)p0 P0e−|x0|‖v0‖Lp(R),
(24)
for each t0 and 1 ≤ p ≤ ∞.
Recalling that x0 = q0−Q0, if (q0, Q0)→ (0, 0), then x0 → 0 and (22) is equivalent
to (23).
5. Discussion
Our results in this paper show that the multidimensional generalisation (1) of the
equation (2) exhibits a behaviour slightly different from the scalar case when b > 2,
and very different for b = 1 and b = 2. Case b = 2 is particularly interesting and richer.
From the point of view of Lie symmetries, when b 6= 2 system (1) has the same
classical symmetry algebra of (2), as follows by comparing with the results obtained
in [9, 3]. On the contrary, when b = 2, system (1) admits a 6-dimensional classical
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Figure 1: The figures, from left to right, show the function (22) with κ = e, q0 = 1 and
p0 = 1, 2, 3, respectively. Function u is represented in blue, whereas v in red. The graphics
were made with Mathematica by taking (x, t) ∈ [0, 1/2]× [−3, 3].
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Figure 2: The first and second figures, from left to right, describe u(x, 0) and v(x, 0) as
provided by (22) with x ∈ [−3, 3]. The third and the fourth figures represent u(2, t) and v(2, t)
for t ∈ [0, 4]. In all cases p0 P0 = e and q0 = 1 and Q0 = 0, whereas the values p0 = 1, 2 and 3
correspond to blue, red and green, respectively.
symmetry algebra which extends the 5-dimensional symmetry algebra admitted by the
Novikov equation [7, 12, 3]. For instance, when b = 2 the system (2) acquires the
symmetry generator X4 in (4). Although at the level of point symmetries we have a
minor change of behaviour of (1) when compared with (2), we begin to have better
evidence of the differences when we look for higher order symmetries. In this direction,
the only case we find such symmetries for system (1) is just b = 2, whereas equation
(2), being integrable for b = 1 and b = 2, has higher order symmetries for these cases,
see [8, 23, 35].
It has also been shown (see Theorem 4) that for b = 2 system (1) can be embedded
in a 4-component system admitting an sl(3,R)−valued zero-curvature representation
which generalizes a 4-component system found in [32]. Indeed, the 4-component system
described in our paper is not contact equivalent to that obtained in [32].
With respect to conserved quantities, it is known that equation (2) admits, for any
positive integer value of b, the first integral (actually, a Hamiltonian for b = 1 and b = 2)
H1[u] =
∫
R
(
u2 + u2x
)
dx, (25)
see [3, 8, 7, 10, 11, 23]. This integral corresponds to the Sobolev norm in H1(R) of the
solutions u of (2). Therefore, it is natural to expect that the bilinear form
H[u, v] =
∫
R
(uv + uxvx) dx =
∫
R
(vm+ un) dx (26)
would be a first integral of (1). Notice that, for the scalar case, the integral (25) can be
derived by using the multiplier u (in the sense of [1, 2, 3]) or the fact that (1) is strictly
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self-adjoint (in the sense of [24, 25]). In the latter case, this first integral is derived from
the scaling generator Xb in (3), see [7, 10, 26].
According to Table 1, the first integral (26) is derived as in the scalar case for
b = 2. However, (26) is a first integral only for b = 2. Indeed, by multiplying the
first equation of system (1) by v and the second by u, simple manipulations yield the
following relation:
Dt(vm+ un) = −(b+ 1)[ux vbm+ vx ub n]
−(ub−1 v2mx + vb−1 u2 nx) + (vtm+ ut n).
(27)
Hence, (27) provides a conservation law for (1) only for b = 2, since just for this value
of b the right hand side of (27) is a total derivative with respect to x. Indeed, by
computing the variational derivative of the right hand side of (27) one can see that this
only happens for b = 2. In this case (27) can be rewritten as
Dt(vm+ un) +Dx[2u
2(2v2 − v2x − vvxx)
+u(4vuxvx − vtx − 2v2uxx) + utvx + uxvt − vutx − 2v2u2x] = 0.
(28)
Notice that in the degenerated case u = v equation (27) provides a conservation
law for any value of b, since its right hand side is always a total derivative with respect
to x.
Still about conserved quantities of (1), in [15] it was shown that system (1) with
b = 2 has a Hamiltonian. In [30] and [31] it was also found a second Hamiltonian and
proved that (1) with b = 2 has a bi-Hamiltonian structure.
Finally, the most intriguing differences between the system (1) and the scalar
equation (2) concern peakon solutions. Multi-peakon solutions of (1) can be found
by solving system (12), which is in general a difficult task. However, 1-peakon solutions
have been explicitly computed and show a noteworthy difference between 1-peakons of
(1) and those of (2).
In the paper [15] the authors found the functions (23) as solutions for system (1)
with b = 2. These functions are Lp(R)−integrables, for each p, and, in particular, are
in L2(R). However, we obtain a more general solution (22) which admits (23) as a
particular case. These new solutions are 1-peakons with non-constant amplitude and
non-conservative norms in view of (24), unless x0 = 0, which implies that q0 and Q0 are
just the same as well as q(t) = Q(t), see Theorem 9.
It is worth to notice that, if x0 6= 0 in (22), then either one of the functions u or v
blows up when t → ∞. This can be easily checked in the case x0 = q0 > 0, p0 P0 > 0
and Q0 = 0, since for curve t 7→ x(t) = p0P0e−|q0|t one has |v(p0P0e−|q0|t, t)| → ∞
when t → ∞. This is another way to foresee that the norms of the solutions are not
conserved. Particularly, they are not squared integrable solutions. However, in spite
of this unboundedness, Theorem 7 entails that the integral (26) is bounded for these
1-peakons since uv, uxvx ∼ e−|x−p0 P0 t|.
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